Tilings and rotations on the torus: a two dimensional generalization of Sturmian sequences

Valérie Berthé^∗, Laurent Vuillon^†

Abstract: We study a two dimensional generalization of Sturmian sequences corresponding to an approximation of a plane: these sequences are defined on a three-letter alphabet and code a two dimensional tiling obtained by projecting a discrete plane. We show that these sequences code a Z^2-action generated by two rotations on the unit circle. We first deduce a new way of computing the rectangle complexity function. Then we provide an upper bound on the number of frequencies of rectangular factors of given size.

Keywords: discrete plane, generalized Sturmian sequences, symbolic dynamics, combinatorics on words, Z^2-action.

1 Introduction

1.1 Discrete planes and tilings

Discrete planes and tilings arising from their projection, appear in numerous fields. In particular, such tilings are included in the class of tilings obtained by the “cut and project” method, like the Penrose tiling [13], see also [30, 32]. These tilings have deep connections with quasicrystals (see for instance [12, 36]).

Discrete planes and lines are also studied in digital geometry and correspond, in the rational case, to the notion of an arithmetic plane (see for instance [31] for an arithmetic and algorithmic study or [20], for a topological approach).

The recognition of discrete lines and planes is a classical problem in computer imagery. Basic questions are to obtain a characterization of discrete planes and to recognize whether a set of points is contained in a discrete plane. These two questions have mathematical answers, but the problem for computer scientists is to find fast algorithms to check these properties. Our work might be applied in this field, in particular, with regard to the introduced property of balance and to the minimality of the complexity (see also [43]).

Discrete planes correspond to the stepped surface introduced and studied by Ito and Ohtsuki in [25, 26] from a number-theoretic point of view: more

∗Institut de Mathématiques de Luminy, CNRS-UPR 9016, Case 907, 163 avenue de Luminy, F-13288 Marseille Cedex 9, France, berthe@iml.univ-mrs.fr

†LIAFA, Université Paris 7, 2 pl. Jussieu, F-75251 Paris Cedex 05, France, vuillon@liafa.jussieu.fr

precisely, Ito and Ohtsuki study a generating method of a stepped surface by using the multi-dimensional continued fraction algorithm of Jacobi-Perron and by introducing substitutions on square faces.

This article studies a coding by a two dimensional sequence of an aperiodic tiling of the plane. Consider the set of all unit cubes, with vertices at integer lattice points, which intersect a given plane. The discrete plane approximating this plane is the (upper or lower) surface of the union of these unit cubes. The discrete plane thus consists of three kinds of square faces, orientated according to the three coordinate planes. After projection, we obtain a tiling of the plane by three kinds of diamonds, being the projections of the square faces. We prove that this tiling is associated with a Z^2-lattice. We code this tiling over a two dimensional sequence defined on a three-letter alphabet. Such a sequence has been introduced by the second author in [42]. The purpose of this paper is to show that this two dimensional sequence is a coding of a Z^2-action given by two rotations on the unit circle R/Zand then to deduce metric and topological properties.

This article is organized as follows. We first recall basic results concerning Sturmian sequences. The second section contains a brief summary of the discrete line construction. We introduce in the third section a two dimensional generalization of Sturmian sequences. We show that such a sequence codes

a Z^2-action generated by two rotations on the unit circle and we introduce a

property of balance. In Section 4, we characterize the rectangular factors of given size in terms of a partition of the unit circle. In Section 5.2, we provide a new way to compute the rectangle complexity and we show that the complexity function satisfies P (m, n) = mn + m + n, for all (m, n) (this result was already given in [42], see also [31] for the rational case). By using a two dimensional version of the three distance theorem (proved by Geelen and Simpson in [21]), we also deduce, that the frequencies of rectangular factors of size (m, n) take at most min(m, n) + 5 values (Section 5.2). We also prove some properties of uniform recurrence on the language of rectangular factors (Section 5.3). In the last section, we explore the notion of minimal complexity for two dimensional sequences. In particular, we provide an example of a two dimensional sequence of complexity P (m, n) = mn + n, for every (m, n), which is uniformly recurrent and which has no rational periodic direction.

1.2 Sturmian sequences

A Sturmian sequence is defined as a unidirectional sequence of complexity p(n) = n + 1, for every n. Recall that the complexity function counts the number of distinct factors of given length. Note that a sequence whose complexity satisfies p(n) ≤ n, for some n, is ultimately periodic (see [28]). Sturmian sequences thus have minimal complexity among non-ultimately periodic sequences. Sturmian sequences are also characterized by the following geometric and combinatorial properties. A recent account on the subject can be found in [11, 27].

• A Sturmian sequence is the coding of the positive orbit of a point x of the unit circle under an irrational rotation of angle α, say, with respect to a partition into two semi-intervals of size α and 1 − α (see [29]).

• Sturmian sequences are codings of trajectories of irrational slope in a square billiard table obtained by coding horizontal sides by the letter 0 and vertical sides by the letter 1.

• Sturmian sequences are defined by approximation of a line of irrational slope, i.e., by coding a discrete line (see Section 2).

• Sturmian sequences are exactly the non-ultimately periodic balanced sequences over a two-letter alphabet. A balanced sequence is such that the absolute values of the differences between the number of occurrences of a letter in any two factors of the same length are at most 1.

By abuse of notation, we call in the sequel a two-sided sequence Sturmian if the restriction of any translate over N is Sturmian. This means that it is the coding of the orbit (in both directions) of a point x of the unit circle under an irrational rotation of angle α, say, with respect to a partition into two half-open intervals of size α and 1 − α. Such a sequence has complexity p(n + 1) = n + 1, for every n, but the converse is false, as illustrated by the example of the sequence . . . 0 . . .010 . . .0 . . . Unidimensional generalizations with values in a three-letter alphabet have been given by:

a) playing billiards in a cube, one thus obtains the complexity function p(n) = n^2 + n + 1 (see [3] and, for the n-dimensional case, see [5]), b) by considering sequences of complexity p(n) = 2n + 1 with an extra combinatorial condition [4],

c) by introducing the notion of episturmian words, which generalizes palindromic properties of Sturmian sequences [17],

d) or by considering well-balanced sequences [22, 24].

Let us see in what respect the two dimensional sequences studied here provide a generalization of Sturmian sequences. We extend the construction with discrete lines to a higher-dimensional space (Sections 2 and 3). We show furthermore that these sequences code a Z^2-action generated by two rotations on the unit circle. These sequences also satisfy some property of balance, that we describe in Section 3.2. Finally we introduce in Section 6 sequences defined on a two-letter alphabet, and produced as a letter-to-letter projection of the two dimensional Sturmian sequences. We conjecture these sequences to be of “minimal” rectangular complexity among two dimensional sequences, which are uniformly recurrent but not periodic. Furthermore, they can be described among uniformly recurrent sequences as those sequences of complexity mn + n [7]. They also show some interesting properties of palindromy generalizing the Sturmian case [8].

Figure 1: Discrete line

2 Discrete line

Let us first recall the classical connection between approximations of a line in the plane and Sturmian sequences (see for instance [10] or [27]). Let D : y = −αx + γ be a line in R^2. We can assume α > 1 without loss of generality, by permuting the coordinate axes if necessary and 0 ≤ γ < 1, by translating the axes by integers (we will come back to these restrictions in the Remark at the end of this section). We associate to D two discrete lines, namely an upper discrete line D and a lower discrete line D, by approximating D by vertical and horizontal edges of length 1 as follows (see Figure 1).

Definition 1 Let S (respectively S) be the set of translates of the fundamental square with integer vertices that intersect the lower half-plane y < −αx + γ (respectively the upper half-plane y > −αx+γ).The discrete line D (respectively D) is defined as the topological boundary of S (respectively S).

Define h_n = ⌈−αn + γ⌉ and h_n = ⌊−αn + γ⌋, for all n ∈ Z. The integer h_n (respectively h_n) gives the height of the n^{th} horizontal edge in the discrete line D (respectively D).

Let us associate with the discrete lines D and D, respectively, the two twosided sequences u = (u_n)_{n∈}Zand u = (u_n)_{n∈}Z, with values in {0, 1}, defined by u_n = 1 if and only if there exists j ∈ Zsuch that n = h_0 − h_j + j,

u_n = 1 if and only if there exists j ∈ Zsuch that n = h_0 − h_j + j.

The sequences u and u are respectively called the upper and lower coding of the line D.

Note that 0 ≤ γ < 1 implies that h_0 = 0 or 1 and that h_0 = 0. Furthermore u_0 = u_0 = 1, by definition.

As α > 1, then −h_{j+1} + j + 1 > −h_j + j, for any j ∈ Z. The same holds for the integers h_j . Hence, for any integer n, there exists a unique j ∈ Zsuch that h_0 − h_j + j ≤ n < h_0 − h_{j+1} + j + 1. We define j in the same way.

Roughly speaking the two sequences u and u code respectively the discrete lines D and D, by 1 for an horizontal edge and by 0 for a vertical edge (see Figure 1): actually, if u_n = 1, then u_n codes the horizontal edge of endpoints (j, h_j ) and (j + 1, h_j) of the discrete line, and if u_n = 0, then u_n codes the vertical edge of endpoints (j + 1, −n + j + h_0 + 1) and (j + 1, −n + j + h_0); a similar description holds for the sequence u.

The following proposition expresses the two sequences u and u as codings of rotations of the unit circle.

In all that follows R_α denotes the rotation of angle α defined on the unit circle by:

R_α(x) = x + α (modulo 1).

Except where stated otherwise, every quantity is considered modulo 1.

Proposition 1 Let u and u be respectively the upper and the lower coding of the line D : y = −αx + γ, where α > 1 and 0 ≤ γ < 1. Let γ = γ, if γ ≠ 0 and γ = 1, otherwise.

The sequences u and u satisfy

u_n = i ⇐⇒ R^n 1_{1+α} ( γ 1 + α ) ∈ I_i, u_n = i ⇐⇒ R^n 1_{1+α} ( γ 1 + α ) ∈ I_i, where I_1 = ] 0, 1 1 + α ] and I_0 = ] 1 1 + α , 1 ] , I_1 = [ 0, 1 1 + α [ and I_0 = [ 1 1 + α , 1 [ . Proof Consider the sequence u. Suppose that u_n = 1. There exists a unique

j ∈ Zsuch that_{n = h0 − hj + j,}

i.e., n = j + ⌈γ⌉ − ⌈−αj + γ⌉. Note that γ = γ − ⌈γ⌉ + 1. We thus have

(1 + α)j < n + γ ≤ (1 + α)j + 1,

i.e., j < n + γ 1 + α ≤ j + 1 1 + α , which implies n + γ 1 + α ∈ ] 0, 1 1 + α ] modulo 1.

Suppose now that u_n = 0. There exists a unique j ∈ Zsuch that

h_0 − h_j + j + 1 ≤ n ≤ h_0 − h_{j+1} + j,

which implies similarly that n 1 + α + γ 1 + α ∈ ] 1 1 + α , 1 ] modulo 1.

The same reasoning applies to u.

Remarks

• This construction is to be compared with the notions of mechanical sequences and cutting sequences (see for instance [27]).

• When α is a rational number, both sequences (u_n)_{n∈}Zand (u_n)_{n∈}Zare periodic.

• When α is an irrational number, then both sequences (u_n)_{n∈}N and (u_n)_{n∈}N are easily seen to be Sturmian sequences. Actually a Sturmian sequence is the coding of a point of the unit circle under the action of an irrational rotation of angle α, say, with respect either to the partition {[0, 1−α[, [1− α, 1[} or to the partition {]0, 1 − α], ]1 − α, 1]}. Suppose that the letter 1 codes the interval of length α. We thus have a bijection between the set of Sturmian sequences (defined on N) that begin with the letter 1 and the set of the restrictions over N of the upper and lower codings of the lines D : y = −αx + γ, with α irrational number, α > 1 and 0 ≤ γ < 1.

• We deduce from the classical properties of Sturmian sequences that the two sequences u and u have the same set of factors. More generally the set of factors of a coding of a discrete line only depends on the slope α of the discrete line (see for instance [27]).

• With the previous notations, we can deduce from the proof of Proposition 2.1 the expression for j and j: j = ⌈ n + γ 1 + α ⌉ − 1, j = ⌊ n + γ 1 + α ⌋ . Furthermore, given any irrational number α and any γ, there exists at most one n for which j ≠ j: such an integer n exists if and only if γ ∈ (1 + α)Z+ Z; we thus have if γ ≠ 0, j =^{n+γ}_{1+α} , u_n = 0, u_{n+1} = 1, u_n = 1, u_{n+1} = 0, and u_k = u_k, for any k ≠ n, n + 1. If γ = 0, then u_0 = 1, u_{−1} = 0, u_0 = 1, u_1 = 0, and u_{k−1} = u_k, for any k ≠ 0, 1. If γ ∉ (1 + α)Z+ Z, then both sequences are equal.

Figure 2: A discrete plane

3 Discrete plane

3.1 Construction

Let us generalize this construction to approximations in R^3. Let P : z = −αx−βy +γ be a plane in R^3 endowed with the canonical basis ( ⃗e_1, ⃗e_2, ⃗e_3). We can still assume α > 1, β > 1, and 0 ≤ γ < 1, without loss of generality. We associate to the plane P two discrete planes, namely an upper discrete plane P and a lower discrete plane P , by approximating P by unit square faces as follows (see Figure 2 and 3.a). This construction corresponds to the stepped surface introduced by Ito and Ohtsuki in [25, 26].

Definition 2 Let S (respectively S) be the set of translates of the fundamental cube with integer vertices that intersect the lower half-space z < −αx − βy + γ (respectively the upper half-space z > −αx − βy + γ).

The upper discrete plane P (respectively the lower discrete plane P ) is defined as the boundary of S (respectively S).

We will call generically discrete plane (denoted by P ) either P or P , when there is no need to distinguish between them. Let H_{p,q} = ⌈−pα − qβ + γ⌉, H_{p,q} = ⌊−pα − qβ + γ⌋, for all p, q ∈ Z. Note that H_{0,0} = 0.

Let π be the affine projection on the plane x + y + z = 0 according to the direction (1,1,1) and let ⃗π denote the corresponding vectorial projection. Let us endow the plane x + y + z = 0 with two bases, according to whether we consider the projections of P or P : consider first for P the basis (O^′,⃗i,⃗j), where ⃗i = ⃗π( ⃗e_1 + ⃗e_2), ⃗j = ⃗π( ⃗e_2), and ⃗OO^′ = −H_{0,0}⃗i, and second, for P , the basis (O,⃗i,⃗j).

Figure 3: Discrete plane and projection

The projection π has thus the following matrix representation in (O^′,⃗i,⃗j),

R^3 being endowed with its canonical basis (O, ⃗e1, ⃗e2, ⃗e3): π x y z = ( 1 0 −1 −1 1 0 ) x y z + ( H_{0,0} 0 ) ,

whereas π has the following matrix representation in (O,⃗i,⃗j):

π x y z = ( 1 0 −1 −1 1 0 ) x y z .

The discrete plane P is a union of translates of unit square faces. Consider the following square faces

E_1 = {λ ⃗e_2 − μ ⃗e_3|(λ, μ) ∈ [0, 1[^2},

E_2 = {λ ⃗e_1 − μ ⃗e_3|(λ, μ) ∈ [0, 1[^2},

E_3 = {λ ⃗e_1 + μ ⃗e_2|(λ, μ) ∈ [0, 1[^2}.

We call an upper (respectively lower) pointed face of type i a set of points {(p, q, r) + E_i}, (respectively {(p, q, r) − E_i}), where (p, q, r) ∈ Z^3. We say (p, q, r) is the vertex of this pointed face. See Figure 4.

Let us prove that the image by the projection π of the discrete plane P generates a tiling of the plane by three kinds of diamonds, namely the projections of the faces of type 1, 2 and 3.

Figure 4: Pointed faces

Lemma 1 The property stated below applies to both upper and lower faces. The notation H_{p,q} will stand for H_{p,q}, if one considers upper faces, and for H_{p,q}, if one considers lower faces.

The point with coordinates (m, n) is the image by π of the vertex of a face of type k (with k = 1, 2, 3) if and only if there exists (p, q) ∈ Z^2 such that m = p + H_{0,0} − H_{p,q}, n = −p + q, if k = 3, p + 1 + H_{0,0} − H_{p,q} ≤ m ≤ p + H_{0,0} − H_{p,q+1}, n = −p + q, if k = 2,

p + 1 + H_{0,0} − H_{p,q+1} ≤ m ≤ p + H_{0,0} − H_{p+1,q+1}, n = −p + q, if k = 1.

Furthermore, given any (m, n) ∈ Z^2, there exists a unique (p, q) ∈ Z^2 such that (m, n) satisfies one and only one of the above three conditions.

The following corollary is a straightforward consequence of Lemma 1.

Corollary 1 The projections of the square faces of P tile the plane by three kinds of diamonds being the projection of a face of type E_k, where k = 1, 2 or 3. Furthermore, each point of Z^2 is the image of exactly one vertex of one pointed face.

Proof of Lemma 1 We consider implicitly in the proof the case of the upper discrete plane. The proof works in exactly the same way for the lower discrete plane (the vectorial cubes that we consider below should be replaced by their opposites).

• Consider the faces of type 3. By definition, the cube {(p, q, r) + λ ⃗e_1 + μ ⃗e_2 − ν ⃗e_3, 0 ≤ λ, μ, ν ≤ 1} belongs to S if and only if r ≤ H_{p,q}. Hence a face of type E_3 of vertex (p, q, r) belongs to the boundary if and only if r = H_{p,q}. The image of (p, q, H_{p,q}) by π has coordinates (p − H_{p,q} + H_{0,0}, −p + q).

• Consider the faces of type 2. Let us prove that a point (p + 1, q + 1, r) is a vertex of a face of type 2 if and only if H_{p,q+1} + 1 ≤ r ≤ H_{p,q}. The points with coordinates (p + 1, q + 1, H_{p,q} − k), with 0 ≤ k ≤ H_{p,q} − H_{p,q+1} −1, are vertices of faces of type E_2. Otherwise, suppose that a face of type 2 with a vertex satisfying (p + 1, q + 1, r), H_{p,q+1} + 1 ≤ r ≤ H_{p,q}, does not belong to the boundary of S. Then the cube {(p, q + 1, r) + λ ⃗e_1 + μ ⃗e_2 − ν ⃗e_3, 0 ≤ λ, μ, ν ≤ 1} would belong to S, and then r ≤ H_{p,q+1}, which would contradict the assumption on r. In other words, the face of type 3 and vertex (p, q, H_{p,q}) is connected to the face of same type and vertex (p, q + 1, H_{p,q+1)} by |H_{p,q+1} − H_{p,q}| faces of type E_2 (see Figure 5.a).

Conversely, let (p + 1, q + 1, r) be the vertex of a face of type 2. Suppose that the cube located at the right of this face, i.e., {(p, q + 1, r) + λ ⃗e_1 + μ ⃗e_2 − ν ⃗e_3, 0 ≤ λ, μ, ν ≤ 1} belongs to S. We thus have r ≤ H_{p,q+1}. But H_{p,q} < r, otherwise the face of type 2 that we consider would not belong to the boundary of S. As β > 1, H_{p,q+1} < H_{p,q}. This implies that this situation cannot occur. Hence r ≥ H_{p,q+1} + 1 and the cube located at the left of the face we consider, i.e., {(p, q, r) + λ ⃗e_1 + μ ⃗e_2 − ν ⃗e_3, 0 ≤ λ, μ, ν ≤ 1} belongs to S, which implies r ≤ H_{p,q}.

We thus have proved that a point (p + 1, q + 1, r) is a vertex of a face of type 2 if and only if H_{p,q+1} + 1 ≤ r ≤ H_{p,q}. The projections of these points have coordinates (m, n), with p + 1 + H_{0,0} − H_{p,q} ≤ m ≤ p + H_{0,0} − H_{p,q+1}, n = −p + q. • Consider the faces of type 1. We similarly prove that a point with coordinates (p + 1, q + 1, r) is a vertex of a face of type 1 if and only if H_{p+1,q+1} + 1 ≤ r ≤ H_{p,q+1}, i.e., the face H_{p,q+1} is connected to the face H_{p+1,q+1} by |H_{p,q+1} − H_{p+1,q+1}| faces of type E_1. The projections of these points have coordinates (m, n), with

p + 1 + H_{0,0} − H_{p,q+1} ≤ m ≤ p + H_{0,0} − H_{p+1,q+1}, n = −p + q.

As α > 1 and β > 1, we thus have p − H_{p,n+p} < p + 1 − H_{p,n+p} < p − H_{p,n+p+1} < · · · < p + 1 − H_{p,n+p+1} < p − H_{p+1,n+p+1} < p + 1 − H_{p+1,n+p+1}. Hence given any (m, n) ∈ Z^2, there exists a unique (p, q) ∈ Z^2 such that (m, n) satisfies one and only one of the three conditions of Lemma 1.

Corollary 1 implies that we can code the tiling of the plane that we obtain by a two dimensional sequence defined over Z^2 (see Figures 3 and 5). Actually, the projections of the square faces tile the plane by three kinds of diamonds

Figure 5: Stairs and two dimensional sequence.

being the projection of a face of type E_k (where k = 1, 2 or 3). Each diamond is the juxtaposition of two equilateral triangles: one is called the up triangle (its coordinates in the basis (O^′,⃗i,⃗j) are (l, m), (l, m+1), (l+1, m)), the coordinates of the vertices of the other triangle, which we call the down triangle, will depend on the type of the associated projected face. Corollary 1 implies that the centers of the up triangles form a Z^2-lattice (see Figure 3.b). We can thus code this tiling over Z^2 as follows.

Definition 3 Let U = (U_{m,n})_{(m,n)∈}Z2 (respectively U = (U_{m,n})_{(m,n)∈}Z2) be the sequence that associates with each point with coordinates (m, n) the type of the upper (respectively lower) face whose vertex projects on (m, n), or equivalently which codes each up triangle with coordinates say (m, n), (m, n+1) and (m+1, n) by the index k of the corresponding diamond π(E_k).

The sequence U (respectively U) is called the upper (respectively the lower) coding of the plane P.

We shall use the usual representation for two dimensional sequences: the first index indicates the column number from left to right, whereas the second index n denotes the row number, from bottom to top.

We deduce from Lemma 1 that both two dimensional sequences U and U satisfy U_{m,n} = 3 ⇔ ∃ p, m = H_{0,0} − H_{p,p+n} + p, U_{m,n} = 2 ⇔ ∃ p, H_{0,0} − H_{p,p+n} + p + 1 ≤ m ≤ H_{0,0} − H_{p,p+n+1} + p, U_{m,n} = 1 ⇔ ∃ p, H_{0,0} − H_{p,p+n+1} + p + 1 ≤ m ≤ H_{0,0} − H_{p+1,p+n+1} + p. This property again holds for both sequences U and U, the notation H_{p,q} standing for H_{p,q} or H_{p,q}, accordingly to the sequence we consider.

We can prove now that the sequences U and U code a Z^2-action defined by two rotations on the unit circle.

Theorem 1 Let U and U be respectively the upper and the lower coding of the plane P : z = −αx − βy + γ, where α > 1, β > 1, 0 ≤ γ < 1. Let γ = γ, if γ ≠ 0 and γ = 1, otherwise. Let

α^′ = 1 1 + α + β

, β^′ =

1 + α 1 + α + β = −β 1 + α + β , γ^′ = γ 1 + α + β and γ^′ = γ 1 + α + β . Both sequences U and U code the Z^2-action generated by the two rotations of the unit circle R_α′ and R_β′, of angle respectively α^′ and β^′. More precisely we have U_{m,n} = i ⇐⇒ R^m_α′ R^n_β′(γ^′) ∈ I_i, with I_3 = ]0, α^′], I_2 = ]α^′, α^′ + 1 − β^′] and I_1 =]α^′ + 1 − β^′, 1], U_{m,n} = i ⇐⇒ R^m_α′ R^n_β′(γ^′) ∈ I_i, with I_3 = [0, α^′[, I_2 = [α^′, α^′ + 1 − β^′[ and I_1 = [α^′ + 1 − β^′, 1[.

Proof Consider the sequence U.

• Suppose U_{m,n} = 3. There exists p ∈ Zsuch that m = H_{0,0} − H_{p,p+n} + p, i.e., m − ⌈γ⌉ = p − ⌈−(α + β)p − nβ + γ⌉. We have

(1 + α + β)p + nβ < m + γ ≤ (1 + α + β)p + nβ + 1, i.e., p < m − nβ + γ 1 + α + β ≤ p + 1 1 + α + β , and m − nβ + γ 1 + α + β ∈ ] 0, 1 1 + α + β ] modulo 1.

• Suppose U_{m,n} = 2. There exists p ∈ Zsuch that H_{0,0} − H_{p,p+n} + p + 1 ≤ m ≤ H_{0,0} − H_{p,p+n+1} + p. This is equivalent to m − nβ + γ 1 + α + β ∈ ] 1 α + β + 1 , 1 + β α + β + 1 ] modulo 1.

• Suppose U_{m,n} = 1. There exists p ∈ Zsuch that p+1−⌈−(α+β)p−(n+1)β+γ⌉ ≤ m−⌈γ⌉ ≤ p−⌈−(α+β)p−α−(n+1)β+γ⌉, which is equivalent to m − nβ + γ 1 + α + β ∈ ] 1 + β α + β + 1 , 1 ] modulo 1.

The same reasoning holds for U.

Remarks and notations

• Given any (m, n) ∈ Z^2, we can give explicitly the coordinates (p, q, r) of the vertex of the face whose projection is coded by U_{m,n}, say. Let p = ⌈ m − nβ + γ 1 + α + β ⌉ − 1. If U_{m,n} = 3, then p = p, q = n + p, r = H_{p,q} = −m + H_{0,0} + p. If U_{m,n} = 2 or 1, then p = p + 1, q = n + p, r = −m + H_{0,0} + p. A similar result holds for the sequence U, with p = ⌊_{m−nβ+γ} 1+α+β ⌋ . • This work can be generalized in a higher-dimensional space, either by introducing the notion of a discrete hyperplane (we thus obtain tilings of

R^{d−1}), or by considering discrete planes in dimension greater than three

(we get tilings of the plane). We will discuss this second point of view in the last section of this paper. For what concerns the first point of view, i.e., codings of discrete hyperplanes, the whole construction and all the results of this section can be extended in a natural way.

• In the sequel we shall work with the sequence U, that we will denote for simplicity by U. We shall similarly use the notation I_1, I_2, I_3:

I_3 = [0, α^′[, I_2 = [α^′, α^′ + 1 − β^′[, I_1 = [α^′ + 1 − β^′, 1[.

Hence, |I_3| =^1_{1+α+β} , |I_2| =^β_{1+α+β} , |I_1| =^α_{1+α+β} . We thus have U_{m,n} = i ⇐⇒ mα^′ + nβ^′ + γ^′ ∈ I_i. Note that 0 < α^′ < 1/3, α^′ < β^′ < 1, α^′ < 1 − β^′. • As in the one-dimensional case, one can characterize the case where the sequence U is periodic.

Proposition 2 The sequence U has a non-zero periodic vector, i.e., ∃(a, b) ∈ Z^2 − {(0, 0)}, ∀(m, n) U_{m,n} = U_{m+a,n+b}, if and only if 1, α^′, β^′ are rationally dependent.

Proof Actually, suppose that 1, α^′, β^′ are rationally independent and that there exists (a, b) a non-zero periodic vector for U. Hence U_{ka,kb} = U_{0,0}, for every k, which implies that: ∀k, k(aα^′ + bβ^′) ∈ [0, α^′[. This is impossible since the sequence (k(aα^′ +bβ^′))_{k∈}Zis dense on the unit circle. Conversely, suppose that 1, α^′, β^′ are rationally dependent. There exists (a, b) ∈ Z^2−{(0, 0)}, such that aα^′ +bβ^′ ∈ Z, and thus, (a, b) is a periodic vector.

3.2 Balance

Let us first deduce the following property of balance from Theorem 1. A (unidimensional) sequence u is called balanced on the letter i if for any two factors w and w^′ of the sequence u of same length, then ||w|_i − |w^′|_i| ≤ 1, where |w|_i denotes the number of occurrences of the letter i in the word w.

Corollary 2 For every integer n, the sequence U_n = (U_{m,n})_{m∈}Zis balanced on the letter 3.

For every integer m, the sequence U_m = (U_{m,n})_{n∈}Zis balanced on the letter 2. For every integer m, the sequence U^′_n = (U_{m,n−m})_{m∈}Zis balanced on the letter 1.

Proof Consider, for a fixed n, the sequence U_n = (U_{m,n})_{m∈}Z. Let pr : {1, 2, 3} → {1, 3} be the projection defined by pr(3) = 3 and pr(1) = pr(2) = 1. The sequence pr(U_n) is thus the coding of the point of the unit circle γ^′ + nβ^′ under the rotation of angle α^′ with respect to the partition {[0, α^′[, [α^′, 1[}. Thus the sequence pr(U_n) is balanced on the letter 3 and hence the sequence U_n has the same property. A similar reasoning holds for the other letters.

Remark This notion of balance is not completely satisfactory: it might be interesting to get balance properties for rectangular factors and not only for one-dimensional factors. Furthermore, whether one can characterize two dimensional Sturmian sequences via some balance property is an open question.

4 Factors and frequencies

We will assume from now on that 1, α, β are rationally independent, which implies in particular that α^′ and β^′ are irrational numbers.

The aim of this section is to provide a characterization of rectangular factors in terms of intervals of the unit circle. This characterization is classical in the one-dimensional case (see for instance [1, 2]). In Section 4.1 we associate to each rectangular factor a set of points of the unit circle. We prove this set to be connected in Section 4.2. We thus obtain in Section 4.3 a description of the set of rectangular factors of given size in terms of a finite partition of the unit circle.

4.1 Definitions and notation

We call rectangular factor of the infinite sequence U a finite array W of consecutive letters of U, say w_{1,n} . . . w_{m,n} . . . . w_{1,1} . . . w_{m,1}, such that there exist k, l satisfying w_{i,j} = U_{k+i−1,l+j−1} , with 1 ≤ i ≤ m, 1 ≤ j ≤ n. We thus say that the factor W has size (m, n). Note that here we do not use the usual matrix indexing, but we keep the indexing we previously chose for the representation of two dimensional sequences. Let L(U, m, n) denote the language of rectangular factors of size (m, n) of the sequence U. Let us prove the following.

Lemma 2 The block W = [w_{i,j}], defined on {1, 2, 3} and of size (m, n), is a factor of U if and only if

I(W ) := ⋂ 1≤i≤m,1≤j≤n R^{−i+1}_α′ R^{−j+1}_β′ I_{wi,j} ≠ ∅. Moreover, if W is a factor, then given any fixed integer l, there exists an occurrence of W with column index l. The same result holds for the indices of rows.

Proof From Theorem 1, a block W = [w_{i,j}], defined on {1, 2, 3} and of size (m, n), is a factor of the sequence U if and only if there exist two integers k, l such that

γ^′ + kα^′ + lβ^′ ∈ I(W ) = ⋂ 1≤i≤m,1≤j≤n R^{−i+1}_{α′} R^{−j+1}_{β′} I_{wi,j} modulo 1. This implies that, if W is a factor, then I(W ) ≠ ∅.

Reciprocally, suppose that I(W ) ≠ ∅. Then the interior of I(W ) is not empty, for I(W ) is defined as the intersection of left-closed right-open intervals. Hence for any fixed integer l, there exists k such that γ^′ + kα^′ + lβ^′ ∈ I(W ), since the sequence (kα^′)_{k∈}Zis dense on the unit circle.

Example Consider the factors of size (2, 1). As α^′ < 1/3, then [0, α^′[∩[1 − α^′, 1[= ∅, i.e., I_3 ∩ R^{−1}_{α′} I_3 = ∅. Hence the word 33 can never be a factor of U.

As α^′ < 1 − β^′, then

I_{(31)} = [0, α^′[∩[1 − β^′, 1 − α^′[= ∅,

I_{(32)} = [0, α^′[∩[0, 1 − β^′[= [0, α^′[, I_{(22)} = [α^′, α^′ + 1 − β^′[∩[0, 1 − β^′[= [α^′, 1 − β^′[.

As 1 − α^′ > α^′ + 1 − β^′, then

I_{(21)} = [1 − β^′, α^′ + 1 − β^′[,

I_{(11)} = [α^′ + 1 − β^′, 1 − α^′[, I_{(13)} = [1 − α^′, 1[.

Furthermore as α^′ < 1 − β^′, then

I_{(12)} = [α^′ + 1 − β^′[∩[0, 1 − β^′[= ∅.

Hence if one considers any fixed line, the letter 3 appears as an isolated letter and two successive occurrences of the letter 3 are separated by a range of 2’s and then a range of 1’s.

4.2 Connectedness

Let us prove now that the sets I(W ) are connected. This proof is based on the ideas of [1]. We will use the following remark: if I and J are two left-closed and right-open intervals of the unit circle whose intersection is not connected, then the sum of their lengths is strictly larger than 1 and the ends of I (respectively J) belong to the interior of J (respectively I).

Lemma 3 Given any rectangular factor W = [w_{i,j}], defined on {1, 2, 3} and of size (m, n), the set

I(W ) := ⋂ 1≤i≤m, 1≤j≤n R^{−i+1}_{α′} R^{−j+1}_{β′} I_{wi,j}

defined in Lemma 2 is connected.

Proof Let us prove by induction on sup(m, n) that given any rectangular factor W = [w_{i,j}] of size (m, n), the set I(W ) is connected. The property is obviously true for m = n = 1. Suppose that the property holds for a positive integer N such that sup(m, n) = N. Let W be a factor of size (N + 1, n), with n ≤ N. Let I = ⋂ 1≤i≤N, 1≤j≤n R^{−i+1}_α′ R^{−j+1}_β′ I_{wi,j} . The set I is connected by assumption. Fix x in {1, 2, 3}. Suppose that I∩R^{−N}_α′ I_x is not connected and non-empty. We have |I| + |I_x| > 1. This implies that ∀(i, j), with 1 ≤ i ≤ N, 1 ≤ j ≤ n, w_{i,j} = x. (1) Otherwise, there would exist (i, j) such that w_{i,j} = y ≠ x, and then |I| + |I_x| ≤ |I_y| + |I_x| < 1. We thus deduce from 2|I_x| ≥ |I| + |I_x| > 1, that |I_x| > 1/2, x ≠ 3 (since |I_3| = α^′ < 1/2) and hence that |I_x| ≤ 1 − α^′.

Let us note [a, b[= R^{−N}_α′ I_x. We have d(a, b) = |I_x| ≤ 1 − α^′, and thus d(b, a) ≥ α^′, where the notation d(a, b) stands for the distance between a and b on the oriented unit circle. The intersection I ∩ [a, b[ is not connected by assumption. Hence [b, a] is included in the interval I. As d(b, a) ≥ α^′, then b + α^′ ∈ [b, a] and hence b + α^′ belongs to I. Let y be the letter such that the interval I_y follows I_x on the oriented unit circle. Recall that [a, b[= R^{−N}_α′ I_x. Hence b+α^′ ∈ R^{−N +1}_α′ I_y. We thus have R^{−N +1}_α′ I_y ∩I ≠ ∅. But I ⊂ R^{−N +1}_α′ I_{wN,1} . Hence w_{N,1} = y ≠ x, which yields the desired contradiction with Equation (1). We have thus proved that I ∩ R^{−N}_α′ I_x is connected.

Let I^′ = I ∩ R^{−N}_α′ I_x. We similarly prove that I^′ ∩ R^{−N}_α′ R^{−1}_β′ I_x, and then I^′ ∩ (∩_{2≤j≤n} R^{−N}_{α′} R^{−j+1}_{β′} I_x) are connected for any x in {1, 2, 3}. Hence the induction property holds for (N + 1, n), with n ≤ N.

Suppose now that n = N + 1 and m ≤ N + 1. Let W^′ = [w_{i,j}]_{1≤i≤m,1≤j≤N} . We thus have I(W^′) connected. We prove similarly that I(W^′) ∩ R^{−N}_{β′} I_x is connected, for any x ∈ {1, 2, 3}. Note that β^′ may be strictly larger than 1/2: indeed β^′ > 1/2 if and only if 1 + α > β. But if I_x > 1/2, we have |I_x| ≤ sup(1 − β^′, β^′) : suppose β^′ < 1/2, then x = 2 and |I_2| = 1 − β^′; suppose β^′ > 1/2, then x = 1 and |I_1| < β^′. In the first case we use exactly the same proof as previously. In the second case, if we note [a, b[= R^{−N}_{β′} I_x, we have d(a, b) < β^′ and hence a + β^′ ∈ [b, a] ⊂ I. We conclude in the same way. Hence we similarly prove that I(W ) is connected for any factor of size (m, N + 1) (m ≤ N) and (N + 1, N + 1).

We thus have proved that the induction property holds for N + 1, which completes the proof.

More generally, we prove similarly the following.

Lemma 4 Given any (α^{′′}, β^{′′}), with (1, α^{′′}, β^{′′}) rationally independent and given any finite partition of the unit circle into intervals of length smaller than sup(α^{′′}, 1− α^{′′}) and sup(β^{′′}, 1 − β^{′′}), then any intersection of the form I = ⋂ 1≤i≤m,1≤j≤n R^{−i+1}_{α′′} R^{−j+1}_{β′′} I_{wi,j} ,

is connected (the block [w_{i,j}] takes its values into the set of indices of the partition).

4.3 Factors

We thus deduce from Lemma 2 and 3 that the intervals I(W ), associated to the rectangular factors of size (m, n), are in one-to-one correspondence with the intervals R^{−i+1}_{α′} R^{−j+1}_{β′} I_l, 1 ≤ i ≤ m, 1 ≤ j ≤ n, l = 1, 2, 3. Example The intervals corresponding to the factors of size (2, 1) are obtained by putting the extremal points of I_3, I_2, I_1, R^{−1}_α′ (I_3), R^{−1}_α′ (I_2), R^{−1}_α′ (I_1), i.e., the points modulo 1 0, α^′, α^′ − β^′, −α^′, −β^′.

In the general case, we have the following.

Lemma 5 The intervals I(W ), associated to the rectangular factors of size (m, n), are obtained by putting on the unit circle the points of the partition Q_{m,n} : −iα^′ − jβ^′, with − 1 ≤ i ≤ m − 1 and 0 ≤ j ≤ n − 1, −nβ^′ − iα^′, with − 1 ≤ i ≤ m − 2.

5 Topological and metric properties

We can thus deduce from Lemmas 2 and 5 the number of rectangular factors of given size (i.e., the rectangular complexity function) by counting points of the corresponding partition (Section 5.1). By considering the lengths of the intervals, we can obtain an upper bound for the number of distinct frequencies for rectangular factors of given size (Section 5.2). Finally, we consider properties of uniform recurrence in Section 5.3.

5.1 Complexity function

Let us associate to the two dimensional sequence U a measure of its “complexity” as follows: let P (m, n) denote the number of distinct rectangular factors of size (m, n) of the sequence U, i.e., P (m, n) = CardL(U, m, n); the function (m, n) → P (m, n) is called (rectangular) complexity of the sequence U. This quantity is connected to the topological entropy.

The complexity function for triangular and rectangular factors for tilings arising from the projection of a discrete plane is computed in [42]. The proof is based on a notion of geometrical balance and on the study of the combinatorics of patterns. Reveillès also computes in [31] the rectangle complexity function in the rational case.

Let us see how to deduce from Lemma 5 the complexity function for rectangular factors.

Theorem 2 The complexity in rectangles of the sequence U satisfies ∀(m, n), P (m, n) = mn + m + n. Proof From Lemma 5, the number of factors of size (m, n) of the sequence U is equal to the number of intervals on the unit circle of extremal points (modulo 1) −iα^′ − jβ^′, with −1 ≤ i ≤ m − 1 and 0 ≤ j ≤ n − 1, and −nβ^′ − iα^′, with −1 ≤ i ≤ m − 2. There are mn + m + n such points and hence nm + n + m such intervals.

5.2 Frequencies

The frequency f(W ) of a factor W of the sequence U is defined as the limit, if it exists, of the number of occurrences of this block in the “central” square factor U_{−n,n} . . . U_{n,n} . . . . U_{−n,−n} . . . U_{n,−n}, of the sequence divided by (2n + 1)^2. Given any interval I of the unit circle, the convergence when n tends towards +∞ of Card{−n ≤ i ≤ n, iα^′ + ρ ∈ I} 2n + 1 towards the length of I is uniform in ρ (in other words, an irrational rotation is uniquely ergodic). Hence the frequency of every factor W of U exists and is equal to the length of

I(W ) = ⋂ 1≤i≤m,1≤j≤n R^{−i+1}_α′ R^{−j+1}_β′ I_{wi,j} . Therefore the number of frequencies of rectangular factors of the sequence U of size (m, n) is equal to the number of lengths of the partition Q_{m,n} (defined in Lemma 5), which is given by a two dimensional version of the three distance theorem proved by Geelen and Simpson in [21].

Recall the statement of the three distance theorem (see for instance [38, 40, 41] and the survey [2]). For a given α in ]0, 1[, let us place the points 0, α, 2α, . . . , nα on the unit circle. These points partition the unit circle into n + 1 intervals having at most three lengths, one being the sum of the other two. Geelen and Simpson have given the following generalization of this result (see [21]).

Theorem 3 [Geelen and Simpson] Assume we are given three real numbers α, β, ρ and two positive integers m, n. The set of points {iα + jβ + ρ, 0 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1} partitions the unit circle into intervals having at most min{m, n} + 3 lengths.

We thus deduce the following result on frequencies.

Proposition 3 The frequencies of rectangular factors of size (m, n) of the sequence U take at most min{m, n} + 5 values.

Proof The set of points {−iα^′ − jβ^′, −1 ≤ i ≤ m − 1, 0 ≤ j ≤ n} partitions the unit circle into intervals having at most min{m, n} + 4 lengths. The number of frequencies of rectangular factors of the sequence U of size (m, n) is equal to the number of lengths of the partition Q_{m,n}. The point −(m−1)α^′−nβ^′ does not belong to Q_{m,n}, hence one more length might appear.

Remarks

• Whether this bound is sharp is an open question.

• In the Sturmian case, there are at most three frequencies, when one considers factors of given length (see [6]); this result corresponds to the three distance theorem. More generally, if one codes the orbit of a point of the unit circle under an irrational rotation with respect to a partition into two intervals, then there are at most 5 frequencies for the factors of given length. An expression of these five frequencies is given in [9] using an algorithm of approximation (modulo 1) of β by the points kα.

5.3 Uniform recurrence

A sequence is said to be uniformly recurrent if for every n, there exists an integer N such that every square factor of size (N, N) contains every square factor of size (n, n).

Proposition 4 The sequence U is uniformly recurrent.

Proof The uniform recurrence is a direct consequence of the three gap theorem (see [37]): let δ be an irrational number and I be an interval of the unit circle; the gaps between the successive integers j such that {δj} ∈ I take at most three values which only depend on the length of I. Let l(n) denote the smallest of the at most n + 5 lengths of the intervals corresponding to the square factors of U of size (n, n). Let g(α^′, n) be the length of the largest gap obtained when the three gap theorem is applied using the irrational number α^′ and an interval of length l(n). Then every factor of size (n, n) appears in every factor of size (g(α^′, n) + n − 1, n) (and thus in every square factor) of size (g(α^′, n) + n − 1, g(α^′, n) + n − 1). Note that the same reasoning applies when exchanging α^′ and β^′.

From an ergodic point of view, this corresponds to the minimality of the

Z^2-action._{Actually we have proved a stronger property than uniform recurrence: for}

every n, there exists an integer N such that every square factor of size (n, n) in L(U, n, n) appears in every rectangular factor of size (N, n), which implies the following proposition.

Proposition 5 For any integer k, the language of rectangular factors of the sequences constructed with k consecutive rows of the form ((U_{n,i}), (U_{n,i+1}), · · ·, (U_{n,i+k−1}))_{n∈}Z does not depend on the index i.

This property of “strong” uniform recurrence has the following geometric interpretations.

Proposition 6 Two two dimensional Sturmian sequences coding two discrete planes with the same totally irrational normal have the same language of rectangular factors.

Proof The quantity ⋂ 1≤i≤l,1≤j≤k R −i+1 α^′ R −j+1 β^′ Iwi,j is independent of the height

γ^′ of the plane. Since we work with semi-intervals, then the fact that ⋂ 1≤i≤l,1≤j≤k R −i+1 α^′ R −j+1 β^′ Iwi,j is non-empty does not depend on the sense of

the partition. Therefore, the sequences U and U (that is the lower and the upper codings introduced in Section 3) have also the same set of factors.

Proposition 7 Two discrete planes with the same totally irrational normal vector have the same finite patterns of faces.

Proof Let F be a finite pattern of faces (not necessarily connected) appearing in the sequence U for a given plane of equation z = −αx − βy + γ. There exists a rectangular word W , which is a factor of U, and such that F appears in W. Consider a sequence U^′ given by a discrete plane with same normal vector. By the preceding proposition, W is a factor of U^′. Then F appears in U^′.

6 Minimal complexity

In the one-dimensional case, a sequence satisfying p(n) ≤ n for some n, is ultimately periodic (see [29], and also [16]). Hence Sturmian sequences are the sequences of lowest complexity among the non-ultimately periodic sequences. In the higher-dimensional case, no such results have been obtained: which complexity functions are realisable, and whether or not there is a notion of minimal complexity for two dimensional sequences, are both open questions. The aim of this section is to provide an example of sequence of complexity mn + n, obtained by a projection of the sequence U.

Definition 4 Consider the letter-to-letter projection pr : {1, 2, 3} → {1, 3} defined by pr(1) = pr(2) = 1 and pr(3) = 3. Let V = (V_{m,n})_{(m,n)∈}Z2 be the image by the projection pr of the sequence U. We thus have • V_{m,n} = 3 ⇐⇒ 0 ≤ {mα^′ + nβ^′ + γ^′} < α^′, • V_{m,n} = 1 ⇐⇒ α^′ ≤ {mα^′ + nβ^′ + γ^′} < 1. The sequences in rows are Sturmian sequences that have the same language (corresponding to the angle α^′), whereas the sequences in columns are binary codings with respect to the partition {[0, α^′[, [α^′, 1[} of the rotation of angle β^′.

Lemma 6 There exist m_0, n_0 such that the complexity of the sequence V is equal to mn + n, whenever m > m_0 or n > n_0.

Proof The sets I(W ) corresponding (as defined in Section 4.1) to the rectangular factors of size (m, n) are bounded by the points −iα^′ − jβ^′, with −1 ≤ i ≤ m − 1, 0 ≤ j ≤ n − 1. These sets are not connected for the first values of m, n because of the following relationship between α^′ and β^′: α^′ < 1 − β^′ and

1 − β^′ < 1 − α^′. In fact, consider the factor W = 1 1 . We thus have

I(W ) = [α^′, 1[∩[α^′ + 1 − β^′, 1 − β^′[= [α^′ + 1 − β^′, 1[∪[α, 1 − β^′[.

However, by using the same argument as in Section 4.2, we prove the following: if I(W ) is not connected for a given rectangular factor W = [w_{i,j}], then there exists x such that: ∀(i, j), w_{i,j} = x. But the set of integers n such that x^n is a factor of any Sturmian sequence of angle α is bounded: such a bound can be explicitly given with respect to α (see [2]). The same result holds by considering the sequences in columns, i.e., the binary codings with respect to the partition {[0, α^′[, [α^′, 1[} of the rotation of angle β^′. Hence if n or m are large enough, then the sets I(W ) are connected. Hence there exist positive integers m_0 and n_0 such that the complexity of the sequence V is equal to mn + n, whenever m > m_0 or n > n_0.

Following this idea, let us construct a sequence of complexity satisfying P (m, n) = mn + n, for every (m, n).

Proposition 8 Let α^{′′}, β^{′′} ∈ ]0, 1[ be such that (1, α^{′′}, β^{′′}) is totally irrational and sup(α^{′′}, 1 − α^{′′}) ≤ sup(β^{′′}, 1 − β^{′′}). Let V = (V_{m,n})_{(m,n)∈}Z2 be the sequence defined as follows: • V_{m,n} = 3 ⇐⇒ mα^{′′} + nβ^{′′} ∈ [0, α^{′′}[ modulo 1, • V_{m,n} = 1 ⇐⇒ mα^{′′} + nβ^{′′} ∈ [α^{′′}, 1[ modulo 1. The complexity of the sequence V satisfies: ∀(m, n), P (m, n) = mn + n. Furthermore, the sequence V is uniformly recurrent and has no periodic rational direction: there do not exist (a, b) ∈ Z^2 − {(0, 0)} such that ∀(m, n) ∈ Z^2, V_{m,n} = V_{m+a,n+b}. Proof Following Section 4.2 (Lemma 4), the sets I(W ) are easily seen to be connected under the assumptions of the proposition. This yields the expression of the complexity function.

The uniform recurrence and the non-periodicity of the two dimensional sequence V can be proved in the same way as that of U.

We thus obtain an example of a uniformly recurrent sequence with no periodic rational direction and of low complexity (∀(m, n), P (m, n) = mn + n). For more results on these sequences, see [7, 8]. No other example of a uniformly recurrent sequence with no periodic rational direction and of lower complexity seems to be known.

Let us end this paper by recalling the following conjecture: let V be a two dimensional sequence defined on the alphabet A; if there exist two positive integers n_0, m_0 such that P (m_0, n_0) ≤ m_0n_0,

then the sequence V has a periodic rational direction. The converse is false: take a binary unidimensional sequence of maximal complexity (p(n) = 2^n, for every n). One can construct such a sequence C = (C_n)_{n∈}N by using the Champernowne construction (see for instance [15]), i.e., by concatenating the base 2 expansions of the absolute value of the integers. Hence all possible combinations of the digits 0 and 1 appear in the sequence C and: ∀n, p(n) = 2^n. The doublesequence (C(m, n))_{(m,n)∈}N2 defined by C(m, n) = C(0, m + n) has the periodic direction (−1, 1) and its complexity satisfies: ∀(m, n), P (m, n) = 2^{m+n−1}.

Note that Sander and Tijdeman have proved in [35] the conjecture for factors of size (2, n) or (n, 2) , i.e., if there exists n such that P (2, n) ≤ 2n or P (n, 2) ≤ 2n, then the sequence is periodic. They state a more general conjecture in [33, 34, 35], by extending the notion of complexity. Furthermore a counterexample to the corresponding conjecture for k-dimensional sequences with k ≥ 3 is given in [34]. Epifanio, Koskas and Mignosi prove in [19] a weakened version of the conjecture: if there exist (m_0, n_0) such that P (m_0, n_0) ≤ αm_0n_0, with α = 1/100, then the sequence is periodic. The limiting case mn + 1 has been exhaustively described by Cassaigne in [14], see also [7] for a study of two dimensional sequences of which language of factors in line is the language of a recurrent Sturmian sequence.

7 Construction of double sequences associated with tilings in higher dimensions

Consider now the extension of these results to discrete planes (not hyperplanes) in dimension greater than three. Indeed, the “cut and project” method (see for instance [36]) we have considered here provides a natural way first, to construct tilings of the plane with diamonds, and second, to code them by two dimensional sequences over a finite alphabet.

Consider a plane P (i.e., an affine space of dimension 2) in R^d (with d ≥ 4). As previously, the discrete plane P associated to P is defined as the (upper or lower) surface of the union of all unit hyper-cubes, with vertices at integer lattice points, which intersect the plane P. Consider a projection π onto an affine plane, for instance, the orthogonal projection on P. The projection of the points with integer coordinates of the discrete plane P determines the vertices of the tilings. For example, we show in Figure 6^1 a part of a tiling arising from a discrete plane in R^4 and in Figure 7, a tiling arising from a discrete plane in

R^5: this tiling is a Penrose Tiling.

The next step is to construct an explicit two dimensional sequence associated to such a tiling. The idea is to parametrize the discrete plane by a lattice. We have defined in R^3 pointed faces in such a way that the discrete plane is partitioned into these pointed faces. The projection π maps the vertices of the discrete plane (i.e., the integral points) in a one-to-one way onto a Z^2-lattice Γ (see Corollary 1): each point of Γ is the projection of a distinguished vertex of a face of determined type. In this sense, one can say that the two dimensional sequences associated to these tilings are quite natural.

In the higher-dimensional case, we can also map the tiling onto a Z^2-lattice. Consider for instance the construction for R^4 and R^5. First, note that the projections of the faces in a discrete plane in dimension R^d tile a 2d−gone, as the projection of a unit hyper-cube in R^d. In consequence, it is sufficient [18] to map the vertices of the 2d−gone onto integer points of Z^2, in order to map the tiling onto a Z^2-lattice (see Figure 8).

1These figures have been realized thanks to QuasiTiler (http://www.geom.umn.edu/apps/quasitiler/about.html).

Figure 6: Projection of a discrete plane in R^4

Figure 7: Projection of a discrete plane in R^5

Figure 8: An octogone mapped onto a Z^2 lattice

Figure 9: Seven pointed faces

Figure 10: Fourteen pointed faces

For d = 4, all the vertices are mapped onto integer points. The only trouble is that there exists an integer point in the interior of one of the faces. To solve it, we simply cut this face into two parts (pointed faces 5 and 6 on Figure 8). We thus find a two dimensional sequence defined on a seven-letter alphabet associated to the discrete plane in R^4 (see Figure 9).

For d = 5, (see Figure 10) all the vertices are mapped onto integer points. There are two integer points which belong respectively to the interior of two faces and two integer points which belong to the interior of the same face. We simply cut the first two faces into two parts and the third one into three parts. We thus find, for a discrete plane in R^5 (i.e., a Penrose tiling), a two dimensional sequence defined on a fourteen-letter alphabet.

The notion of dynamical system associated with Penrose tilings has been introduced by Robinson in [32]. See also [23] for the notion of Sturmian dynamical systems. We guess that it is possible to associate as previously to the tilings defined here a rotation in a torus of appropriate dimension.

Acknowledgements We are greatly indebted to P. Arnoux for suggesting the problem and to A. Rémondière for many useful discussions. We also thank J.-P. Allouche, J. Goodson, P. Hubert, O. Jenkinson and A. Siegel who read carefully a previous version of this paper.

References

[1] P. ALESSANDRI Codages de rotations et basses complexités, Université Aix-Marseille II, Thèse, 1996.

[2] P. ALESSANDRI, V. BERTHÉ Three distance theorems and combinatorics on words, l’Enseignement Mathématique 44 (1998), 103–132.

[3] P. ARNOUX, C. MAUDUIT, I. SHIOKAWA, J. TAMURA Complexity of sequences defined by billiards in the cube, Bull. Soc. Math. France 122 (1994), 1–12, Rauzy’s conjecture on billiards in the cube, Tokyo J. Math. 17 (1994), 211–218.

[4] P. ARNOUX, G. RAUZY Représentation géométrique de suites de complexité 2n + 1, Bull. Soc. math. France 119 (1991), 199–215.

[5] Y. BARYSHNIKOV Complexity of trajectories in rectangular billiards, Comm. Math. Phys. 174 (1995), 43–56.

[6] V. BERTHÉ Fréquences des facteurs des suites sturmiennes, Theoret.

Comput. Sci. 165 (1996), 295–309.

[7] V. BERTHÉ, L. VUILLON Suites doubles de basse complexité, prepublication 99–10 IML.

[8] V. BERTHÉ, L. VUILLON Palindromes and two-dimensional Sturmian sequences, prepublication 99–22 IML.

[9] V. BERTHÉ, S. FERENCZI, N. TCHEKHOVAYA Covering numbers:

arithmetics and dynamics for rotations and interval exchanges, J. Anal. Math., to appear.

[10] J. BERSTEL Tracé de droites, fractions continues et morphismes itérés, in Mots, Lang. Raison. Calc., Éditions Hermès, Paris (1990),298–309.

[11] J. BERSTEL Recent results in Sturmian words, Developments in Language Theory II (Dassow, Rozenberg, Salomaa eds) World Scientific 1996, 13–24.

[12] BEYOND QUASICRYSTALS (Axel, Gratias eds) Les éditions de physique les Ulis, Springer, Berlin, 3, 1995.

[13] N. G. de BRUIJN Algebraic theory of Penrose’s non-periodic tilings of the plane. I, II, Nederl. Akad. Wetensch. Indag. Math. 43 (1981), 39–52, 53–66.

[14] J. CASSAIGNE two dimensional sequences of complexity mn + 1, J. Auto.

Lang. Comb. 4 (1999), 153–170.

[15] D. G. CHAMPERNOWNE The construction of decimals normal in the scale of ten, J. London Math. Soc. 8 (1933), 254–260.

[16] E. M. COVEN, G. A. HEDLUND Sequences with minimal block complexity, Math. Systems Theory 7 (1973), 138–153.

[17] X. DROUBAY, J. JUSTIN, G. PIRILLO Episturmian words and some constructions of de Luca and rauzy, Theoret. Comput. Sci., to appear.

[18] S. ELNITSKY Rhombic tilings of polygons and classes of reduced words in Coxeter groups, J. Combin. Theory, Ser. A 77 (1997), 193–221.

[19] C. EPIFANIO, P. MIGNOSI, M. KOSKAS On a conjecture on bidimensional words, prepublication.

[20] J. FRANÇON Sur la topologie d’un plan arithmétique, Theoret. Comput.

Sci. 156 (1996), 159–176.

[21] J. S. GEELEN, R. J. SIMPSON A two dimensional Steinhaus theorem, Australas. J. Combin. 8 (1993), 169–197.

[22] R. L. GRAHAM Covering the positive integers by disjoint sets of the form {nα + β} : n = 1, 2, . . .}, J. Combin. Theory Ser. A 15 (1973), 354–358.

[23] C. HILLMAN Sturmian dynamical systems, PhD Thesis, University of Washington, Seattle, WA, 1998.

[24] P. HUBERT Well balanced sequences, to appear in Theoret. Comput. Sci.

[25] S. ITO, M. OHTSUKI Modified Jacobi-Perron algorithm and generating Markov partitions for special hyperbolic toral automorphisms, Tokyo J. Math. 16 (1993), 441–472.

[26] S. ITO, M. OHTSUKI Parallelogram tilings and Jacobi-Perron algorithm, Tokyo J. Math. 17 (1994), 33-58.

[27] M. LOTHAIRE Algebraic Combinatorics on Words, Chapter 2: Sturmian words, by J. Berstel and P. Séébold.

[28] M. MORSE, G. A. HEDLUND Symbolic dynamics, Amer. J. Math. 60 (1938), 815–866.

[29] M. MORSE, G. A. HEDLUND Symbolic dynamics II: Sturmian trajectories, Amer. J. Math. 62 (1940), 1–42.

[30] R. PENROSE The role of aesthetics in pure and applied mathematical research, Bull. Inst. Math. Appl. 10 (1974), 266–271.

[31] J.-P. REVEILLÈS Combinatorial pieces in digital lines and planes, Vision geometry IV (San Diego, CA, 1995), 23–24, Proc. SPIE, 2573.

[32] E. Arthur Jr. ROBINSON The dynamical properties of Penrose tilings, Trans. Am. Math. Soc. 348 (1996), 4447–4464.

[33] J. W. SANDER, R. TIJDEMAN Low complexity functions and convex sets

in Z^k, Mathem. Zeitschrift, to appear.

[34] J. W. SANDER, R. TIJDEMAN The complexity of functions on lattices, Theoret. Comput. Sci., to appear.

[35] J. W. SANDER, R. TIJDEMAN The rectangle complexity of functions on two dimensional lattices, Theoret. Comput. Sci., to appear.

[36] M. SENECHAL Quasicrystals and geometry, Cambridge University Press, 1995.

[37] N. B. SLATER Gaps and steps for the sequence nθ mod 1, Proc. Cambridge Philos. Soc. 63 (1967), 1115–1123.

[38] V. T. SÓS On the distribution mod 1 of the sequence nα, Ann. Univ. Sci.

Budapest, Eötvös Sect. Math. 1 (1958), 127–134.

[39] K. STOLARSKY Beatty sequences, continued fractions, and certain shift operators, Canad. Math. Bull. 19 (1976), 473–482.

[40] J. SURÁNYI Über die Anordnung der Vielfachen einer reellen Zahl mod 1, Ann. Univ. Sci. Budapest, Eötvös Sect. Math. 1 (1958), 107–111.

[41] S. ŚWIERCZKOWSKI On successive settings of an arc on the circumference of a circle, Fundamenta Math. 46 (1958), 187–189.

[42] L. VUILLON Combinatoire des motifs d’une suite sturmienne bidimensionnelle, Theoret. Comput. Sci. 209 (1998), 261–285.

[43] L. VUILLON Local configurations in a discrete plane, Bull. Belg. Math.

Soc., to appear.